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We analytically calculate the anomalous transverse electric and thermal currents in massive and tilted Dirac
systems, using β-borophene as a representative material, and report on conditions under which the cor-
responding Lorenz number (Lan) deviates from its classically accepted value (L0). The deviations in the
high-temperature regime are shown to be an outcome of the quantitative difference in the respective kinetic
transport expressions for electric (σ) and thermal (κ) conductivity, and are further weighted through a convo-
lution integral with a non-linearly energy-dependent Berry curvature that naturally arises in a Dirac material.
In addition, the tilt and anisotropy of the Dirac system that are amenable to change via external stimulus
are found to quantitatively influence Lan. The reported deviations from L0 hold practical utility inasmuch
as they allow an independent tuning of σ and κ, useful in optimizing the output of thermoelectric devices.
The Lorenz number links the electrical conductivity
(σ) of a material to its thermal counterpart via the
Wiedemann-Franz law (WFL).1 The WFL, for a tem-
perature T , is given as L0 = κe/σT , where the subscript
‘e’ denotes the electronic component of the overall ther-
mal conductivity (κ = κe + κl). The lattice contribution
to κ is distinguished by the ‘l ’ subscript. The Lorenz
number (L0) is 2.44× 10
−8WΩK−2, and holds constant
when the electron gas is highly degenerate and the elec-
tronic mean free path is equal for electrical and thermal
conductivities.2 The L value can, however, undergo al-
teration3,4 in a wide variety of situations; for instance,
it drops to 1.5 × 10−8WΩK−2 in non-degenerate semi-
conductors with inelastic acoustic phonon scattering. A
recent study on bulkWP2 single crystals demonstrated a
Lorenz number heavily mismatched to L0, and this was
shown to occur driven by a strong electron-electron scat-
tering.5 The utility of the WFL-guided L0 and its varia-
tions thereof, however, lie in the ‘window’ it offers to an
independent modulation of σ and κe, the two material-
specific parameters that govern thermoelectric behavior.
A thermoelectric energy converter relies on a low κ and
a large σ to increase efficiency. In a classical case, where
L0 is a constant, typically, a rise in σ is accompanied by a
concomitant increase in κ, thereby impeding the full op-
timization of thermoelectric behavior. For a meaningful
thermoelectric tuning, L0 must be adjustable to preset
requirements, and this has been shown viable through
tailored electron transport, for example, via controlled
scattering events6.
In this letter, we merge such transport techniques usu-
ally computed within the framework of Boltzmann equa-
tion with wave packet dynamics of Bloch electrons where
the topological Berry curvature manifests to quantify the
Lorenz number. A key hallmark of such bands is the
presence of the momentum-space Berry curvature (Ω (k))
which imparts an ‘additional’ velocity of the form k˙×Ω to
the Bloch electrons, and effectively mirrors the Lorentz
force of a magnetic field.7 Here, the momentum vector is
k. A finite Ω (k), which can exist in a time reversal sym-
metry (TRS) broken or inversion asymmetric system has
FIG. 1. A generalized illustration of the anomalous ther-
mal Hall (ATH) effect induced by the out-of-plane directed
and momentum-dependent Berry curvature (Ω (k)) is shown
here. The ATH sets up a transverse temperature difference
(T2 − T1) in presence of a longitudinal heat current (Jq). The
anomalous Hall conductivity parallels the ATH leading to pro-
duction of a transverse potential difference when a longitudi-
nal charge current (Je) flows through the sample.
been shown to give rise to anomalous electric and thermal
behavior.8,9 The anomalous electric (σxy) Hall conductiv-
ity (AHC) arises in material systems, wherein a non-zero
Ω (k) in presence of a longitudinal (x -directed) potential
gradient induces a transverse (along the y-axis) potential
difference. The thermal counterpart of this anomalous
Hall conductivity (THC) leads to a transverse tempera-
ture difference in response to a longitudinal temperature
gradient.10,11 We seek to map and modulate for a given
temperature T , the ‘anomalous’ Lan = κxy/σxyT for
Bloch electrons that live in a topologically non-trivial en-
ergy manifold. The linear and tilted bands of borophene
around the Γ point of the Brillouin zone conform to such
an energy description. The calculations that follow pri-
marily use borophene as the representative Dirac mate-
rial to unveil the possible ‘topological’ alterations to Lan.
Briefly, we find that Lan remains close to L0 for lower
temperatures and is shown to be impacted by the in-
trinsic tilt and anisotropy of the Dirac dispersion in-
trinsic to β-borophene. The Lan, however, diverges
at higher values of temperature. This divergence from
L0 is attributed to the dissimilar character of material-
dependent transport expressions appropriate for AHC
and THC; these expressions while closely matched at low
2temperatures, exhibit a large dissimilarity at other ther-
mal regimes. In addition, Lan goes further adrift of L0 as
a consequence of their weighted integral with the Ω (k)
that non-linearly scales with energy (kBT ). The trans-
port component and the Ω (k) operating in tandem in
each of AHC and THC further accentuates the overall
observed disparity of Lan vis-a´-vis L0 at higher temper-
atures.
The two-dimensional (2D) boron monolayers known
as borophenes12,13 have been proposed and synthesized
in a variety of allotropes. The electron-deficient boron
atom participates in a wide variety of complex bonding
patterns from which emerges stable crystal structures
such as quasi-planar clusters, cage-like fullerenes, and
nanotubes. In particular, a free-standing arrangement
of two-dimensional boron atoms with a buckled struc-
ture (Fig. 2) and an orthorhombic 8-Pmmn symmetry
(Pmmn represents the space group 59; 8 denotes the
number of atoms in the unit cell) was shown to carry
anisotropic and tilted Dirac cones. For brevity, we re-
fer to this form as β-borophene. We begin by writing
the low-energy continuum two-band Hamiltonian14 for β-
borophene that describes an anisotropic and tilted Dirac
crossing along the Γ-Y direction in the Brillouin zone (see
Fig. 2(c)).
H = ~vxσxkx + ~vyσyky + ~vtσ0ky. (1)
In Eq. 1, σx,y are the Pauli matrices denoting the lat-
tice degree of freedom while σ0 is the 2× 2 identity ma-
trix. The direction-dependent velocity terms
(
×106m/s
)
as reported in Ref. 14 are vx = 0.86, vy = 0.69, and
vt = 0.32. Note that anisotropy, ν = vx/vy, arises since
ν 6= 1 while vt 6= 0 ensures a tilt through non-concentric
constant energy contours. The dispersion relation using
Eq. 1 is
E± (k) = ~k
(
vt sin (θ)±
√
v2x cos
2 θ + v2y sin
2 θ
)
. (2)
The upper (lower) sign is for the conduction (valence)
band in β-borophene. This basic energy description
(Eqs. 1, 2) serves as the starting point to examine models
of light-matter interaction. A diagonalization of the rep-
resentative borophene Hamiltonian (Eq. 1) furnishes a
Dirac cone; however, there exist another Dirac cone and
the pair are related by symmetry operations; for a group
theory analysis of the underlying symmetry, see, for ex-
ample, Ref. 14. Briefly, the two Dirac cones though iden-
tical in dispersion have reversed chirality and marked by
exactly opposite tilts. The dispersion (Eq. 2) is slightly
modified by placing a negative sign before vt sin (θ), the
first term within parenthesis.
We noted above that carriers with a finite Berry cur-
vature (Ω) lead to anomalous electrical and thermal con-
ductivities. For the Bloch electrons governed by the two-
band Hamiltonian in Eq. 1 to experience a non-zero Ω,
it is necessary to introduce terms that may either break
inversion or time reversal symmetry. We introduce a sim-
ple inversion symmetry breaking term of the form ∆σz to
FIG. 2. The eight-atom simple orthorhombic arrangement
in the β-borophene unit cell (marked by dotted lines) is il-
lustrated here. There are two inequivalent atom positions
indicated by the identifiers, B1 and B2, in sub-figure (a).
The coordinates of B1 are (0.185a, b/2, 0.531c) while those
for B2 can be written as (a/2, 0.247b, 0.584c); the difference
in the z -coordinate represents the intrinsic buckling (b). The
high-symmetry points in the corresponding Brillouin zone are
shown in (c); the tilted Dirac cone in β-borophene is formed
along the Γ− Y direction.
the Hamiltonian. Note that σz points to the sub-lattice
degree of freedom and is therefore time reversal invariant(
σz
T
→ σz
)
. Here, T is the time reversal symmetry oper-
ator. The term Ωσz manifests as a band gap opening in
the gapless Dirac cones. For a general two-band model
Hamiltonian of the form H = σ ·d (k)+ Iǫ (k), where d is
a vector of spin or pseudo-spin, ǫ (k) is a general disper-
sion term, and I is the 2 × 2 identity matrix, the Berry
curvature for this system is15
Ωµν =
1
2
εαβγ dˆα (k) ∂kµ dˆβ (k) ∂kν dˆγ (k) , (3)
where dˆ (k) =
d (k)
d (k)
. Applying this formalism to the
β-borophene Hamiltonian (Eq. 1), and noting that the
vector d in component notation assumes the form:
dˆ (k) =
~√
(~vxkx)
2
+ (~vyky)
2
+∆2
(vxkx, vyky,∆) .
(4)
Substituting the d vector in Eq. 3, Ω (k) is expressed as:
Ω (k) = ∓
~
2vxvy∆
2
[(
~2v2xk
2
x + ~
2v2yk
2
y
)2
+∆2
]3/2 zˆ. (5)
The upper (lower) sign is for the conduction (valence)
band. The Ω (k) as a momentum-dependent magnetic
field points out-of-plane (the z -axis) and evidently de-
cays as ∆ → 0. A plot of Ω (k) for |k| values centered
around the Dirac crossing is shown in Fig. 3. The Ω (k) as
expected peaks around the |k| = 0 mark and diminishes
as we move farther in momentum-space.
We have at this point gathered the pieces required for
a quantitative evaluation of the anomalous thermal and
3FIG. 3. The left panel shows the tilted and gapped Dirac cone
(DC) for β-borophene plotted using Eq. 2. For visual clarity,
we set the gap to an artificial ∆ = 0.2 eV . The anisotropy
in the dispersion around the DC is clearly seen. The right
panel, assuming an identical ∆, plots the Berry curvature
(Ω) of the Bloch electrons that lie close to the DC. We show
it for two values of the parameter ν = vx/vy , which defines
the anisotropy of the dispersion. The Ω of the occupied bands
drives the anomalous thermal and electrical phenomena.
electrical conductivity coefficients and their ratio which
gives us Lan. Briefly, we recall that the transverse flow
of both electric and thermal currents arise from the cur-
vature of electrons under a magnetic field; for our case,
the magnetic field is the momentum dependent Ω (k). In
presence of a temperature gradient, the anomalous ther-
mal Hall conductivity is formally defined via the relation
jq,y = −κxy∇xT . The heat current along y-axis is jq,y,
and transverse to a temperature gradient vector aligned
to the x -axis (Fig. 1. This characteristic coefficient of
this transverse heat flow is given as16,17
κxy =
k2BT
h
∫
d
2k
4π2
∑
τ
Ωτ (k)
[
π2
3
+ kBT (E − µ) f
− ln2 (1− f)− 2Li2 (1− f)
]
.
(6)
In Eq. 6, Lin (x) =
∑∞
m=1
xm
mn
is the poly-logarithmic
function. The symbol f denotes the equilibrium Fermi
distribution. Similarly, in the presence of an external
electric field E along the x -axis, the anomalous Hall cur-
rent is along the transverse (y-axis) direction, from which
the the corresponding conductivity is given as (BZ: Bril-
louin zone)
σxy =
e2
~
∫
BZ
d
2k
4π2
Ω (k) f (k) . (7)
The anomalous Lorenz number ratio of Lan = κxy/σxyT
which can be computed by a direct application of Eqs. 6
and 7 is shown in Fig. 4 for a pair of Fermi levels and
related band gaps. In addition, the anisotropy (ν) quan-
titatively influences Lan. We begin by first noting that at
low temperatures, the Lan values are close to L0 (shown
by the horizontal straight line in Fig. 4). They exhibit
a more discernible departure from L0 at higher temper-
atures, and in general, evidently deviate from L0.
FIG. 4. The numerically calculated anomalous Lorenz num-
ber (Lan) is shown here. For low temperatures, (Lan) tracks
the classical value (L0). The corresponding high tempera-
ture values reveal a deviation as discussed in the main text.
The Lan is also computed for two values of ν = vx/vy , the
anisotropy parameter of the the Dirac bands. The anisotropy
influence the occupancy of energy states around the Fermi
level and play a crucial role in the determining the magnitude
of the anomalous σxy and κxy from which Lan is derived.
In the following, we try to explain this anomalous be-
haviour; to do so, let us begin by rewriting the expres-
sion for anomalous thermal Hall conductivity as κxy =
−
(
k2BT/h
)
c2, where c2 is
16
c2 = −
∫
d2k
4π2
∑
τ
Ωτ
∫ ∞
E−µ
dE (βE)
2 ∂f (E)
∂E
. (8)
Note that expanding the expression for c2 in Eq. 8 by
inserting the full form for the Fermi distribution gives
Eq. 6. We can also analogously write a similar coefficient
c1 for the AHC
[
σ = −
(
e2/h
)
c1
]
; it is16
c1 = −
∫
d2k
4π2
∑
τ
Ωτ
∫ ∞
E−µ
dE
∂f (E)
∂E
. (9)
A straightforward comparison of Eqs. 6 and 9 shows
that the Berry curvature that sums over the occupied
bands has two different sets of kernels: χ1 =
∂f (E)
∂E
and χ2 = (βE)
2 ∂f (E)
∂E
for the AHC and THC, respec-
tively.18 The kernel for AHC (χ1) has a single peak that
receives contribution only close to µ; in contrast, χ2 has
double valleys supported by states both below and above
µ with identical sign. This behavior is illustrated in
Fig. 5. The solid (blue) curve is the single-peaked plot
for the AHC kernel, χ1, in units of 1/kBT at T = 100K.
The corresponding plot for the THC kernel, χ2 (in units
of KBT ) is double-peaked and numerically distinct from
the χ1 curve. For T = 300K, observe how the double
valleys of the χ2 are now spread further and therefore
contribute to the divergence of Lan from L0 at higher
4FIG. 5. The kernel functions, χ1 (solid curve) and χ2 (dashed
curve), are plotted for T = 1, 10, 100, 300K. At T = 1K, χ1
and χ2, which are the kinetic transport functions for AHC
and THC, respectively, completely overlap and seen as a spike
for E − µ ≈ 0. A double valley structure for χ2 opens up at
T = 10K. The spacing between the two valleys is of the order
kBT and for low temperatures are in close proximity. For
higher temperatures, the valleys open up and are numerically
distinguishable from the single valley of χ1. At T = 100K,
the profile of χ1 is centered around µ while the valleys of χ2
are spread over a larger energy range. The ‘spread’ is typically
greater when the temperature rises, as is easily noticeable for
the case of T = 300K, and contributes to the deviation of
Lan from L0.
temperatures. This broadening between the valleys of
the χ2 curve is of the order of magnitude of kBT . How-
ever, for T = {1K, 10K}, (the low temperature range),
the profiles for both AHC and THC kernels almost co-
incide (the pointed spikes around the E − µ = 0 mark)
imparting sufficient closeness between Lan and L0. Note
that in the original formulation of the WFL, the ratio
L0 = 2.44× 10
−8WΩK−2 is exact only at T = 0 as the
two kernels, χ1 and χ2 completely overlap. The deviation
of Lan vis-a´-vis L0 is also enhanced by the non-linear de-
pendence of the Berry curvature (Ω) on energy (Fig. 3).
The ratio of the integral of the products of Ω (k) with the
appropriate kernel (χ1andχ2) in a window spanning sev-
eral kBT , from which we determine the Lorenz number,
is therefore strongly dependent on the energy and thus
further reinforces the high temperature divergence from
L0, as shown in Fig. 4. The divergence, however, will
be reduced in systems where the topologically-governed
Ω linearly increases with energy in the range of chosen
kBT values. The Ω (k) evidently plays the role of trans-
port parameters linked to scattering events19 used in the
quantitative estimation of the classical Lorenz number.
Lastly, observe that the curves in Fig. 4 clearly point
to the role of anisotropy (ν), the band gap (∆), and µ
- an outcome which is easily reconciled by remembering
that ν and ∆ adjust the dispersion profile (Eq. 2). The
µ acts to alter the Fermi distribution (FD) by rearrang-
ing the occupation of the energy states contained in the
dispersion curve. The FD enters the analysis through
the previously defined kernel functions. Lastly, note that
while we do not explicitly point out in Fig. 4, the inherent
tilt (~vtσ0ky) in the in β-borophene Hamiltonian (Eq. 1)
serves as an ancillary tool to adjust Lan. A set of dis-
tinct tilts can suitably modify the attendant dispersion -
similar to ν and ∆ - yielding a different Lan in each case.
In closing, we established the anomalous Lorenz num-
ber for massive and tilted Dirac systems using β-
borophene as a representative material. The temperature
dependence of Lan, in contrast to the WFL-predicted
constant L0 was explained as the conjoined influence of
kinetic transport parameters from the Boltzmann formal-
ism and the topologically-induced Berry curvature. The
tilt and anisotropy of the Dirac bands were also found
relevant to adjust Lan quantitatively. These results hold
promise as topological materials - like borophene - with
engineered Lan can effectively tune the flow of transverse
thermal currents as have been recently attempted with
rare-earth magnets and thin-film devices.20,21 Lastly, val-
ues of Lan lower than that of the classical Lorenz number
indicate the possibility of an enhanced transverse electric
conductivity or a reduced strength of the thermal coun-
terpart - both essential design attributes in optimizing
performance of nanoscale thermal devices.
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